Correlated basis function theory and Fermi hypernetted chain technique are extended to study medium-heavy, doubly closed shell nuclei in the jj coupling scheme, with different single-particle wave functions for protons and neutrons and isospin-dependent two-body correlations. Central semirealistic interactions are used. Ground-state energies, one-body densities, distribution functions and momentum distributions are calculated for 12C, ~60, 4°Ca, 48Ca and 2°spb nuclei. The values of the ground-state energies provided by isospin-dependent correlations are significantly lower than those obtained with isospin-independent correlations. In finite nuclear systems, the two-body Euler equations provide correlation functions variationally more effective than those obtained with the same technique in infinite nuclear matter.
Introduction
The description of the properties of all nuclear systems, from deuteron to nuclear matter, with a hamiltonian containing realistic two-and three-body potentials is one of the goals of non-relativistic nuclear many-body theory [ 1 ] . We call those two-body potentials realistic when they reproduce the ground-state properties of the deuteron and the nucleon-nucleon scattering data. Three-body forces are generally required to provide a good description of three-body nuclei. Physics A 605 (1996) The techniques to solve the Schr6dinger equation in few-body systems with these potentials have reached a high degree of sophistication and have produced excellent results [2] . Accurate and reliable technologies have also been developed for infinite nuclear systems, and, nowadays, their results are quite satisfactory [3, 4] .
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The situation for medium and heavy nuclei is still troublesome. The extension to these nuclei of the Monte Carlo techniques used in few-body systems is hindered by computational difficulties related to the relatively high number of particles involved. In a nucleus like 4°Ca the number of spin-isospin configurations to be sampled is of the order of the Avogadro number. On the opposite side, the techniques which made accurate numerical studies in infinite nuclear and neutron matters possible cannot be straightforwardly applied to finite nuclear systems because they do not enjoy translational invariance.
In two previous papers [5,6] we succeeded in extending Correlated Basis Function (CBF) theory and Fermi Hypernetted Chain (FHNC) cluster summation technique [7] (successfully used to describe nuclear matter properties) to deal with finite Fermi systems. In these works the FHNC theory has been applied to study model, doubly magic nuclei with the same number of protons and neutrons, switching off the Coulomb interaction and using single-particle bases in the ls coupling scheme.
This scheme can be adequate to describe closed shell nuclei up to 4°Ca, but it breaks down for heavier nuclei, where the number of neutrons is larger than that of protons. Moreover, while the shell closure for A ~< 40 corresponds to that of the ls coupling scheme, for heavier nuclei it is necessary to use a basis with spin-orbit splitting to reproduce the correct sequence of magic numbers.
In the present paper we make a step forward towards a fully microscopic description of all doubly closed shell nuclei. We extend the FHNC formalism to differentiate protons and neutrons and, in addition, to consider single-particle bases in a jj coupling.
In the next section we shall present the modifications of the FHNC equations needed to describe the above nuclear systems.
Nuclei are described as a mixture of neutrons and protons, with possibly different populations. This is reflected by the presence of distribution functions depending on the isospin of the reference nucleons. In a single-particle basis generated by a spin-orbit term, the third component of the spin is no longer a good quantum number to describe the single-particle wave functions. For this reason, a new type of statistical link appears in the FHNC equations.
We shall discuss the influence of the aforementioned FHNC modifications on the calculation of the nuclei ground-state energy in Section 3.
The results of the calculations of binding energies, density and momentum distributions, for various doubly closed shell nuclei are presented in Section 4. These calculations have been performed using central nucleon-nucleon interactions (v4) with spin and isospin dependence and without tensor components. The correlation functions have isospin dependence. Since these interactions and correlations are not yet fully realistic, the results obtained cannot be immediately compared with the experimental data. These are, however, the first, true microscopic calculations in such a heavy nucleus as 2°spb and they represent a necessary step towards an ab initio description of heavy nuclear systems starting from a realistic nuclear hamiltonian.
Extension of the FHNC method
In the framework of CBF theory and along the lines of the formalism presented in [5] , the ground state of a nucleus with Z protons and N neutrons (A = Z + N) is described by the correlated wave function:
where F is an A-body correlation operator we shall specify later. The function q~N,z is a Slater determinant of single-particle (s.p.) wave functions ~b~ (i) (ce = p, n) generated by the s.p. hamiltonian
A proper description of the sequence of magic numbers is achieved only if the s.p. hamiltonian contains a spin-orbit interaction. In this case, the s.p. wave functions are classified in terms of the total angular momentum j and are eigenvectors of j2 and Jz.
We express them as:
where Xs are the spin wave functions, ~, the spherical harmonics and (ltzls I jm) the Clebsch-Gordan coefficients.
The FHNC equations can be written in terms of the one-body densities and the two-body distribution functions:
where Pff is the projection operator on the a = p, n state of the k-nucleon and we have defined f dT"X (X) -f dT I g t 12,
dr meaning integration over the spatial coordinates as well as sum over the spins. The aB index q = 1 ..... 4 labels the operational component of P2,q. This dependence is the same as that of the v4 potentials adopted,
q=1,4
with O12 = 1, O122 = 0"1 '0"2, O~2 = ~' 1 'r2 and O41 = 0"1" 0"2rl "r2. The uncorrelated density matrices are given by:
S,S I
and their spin-dependent parts are: 
where a sum over all the spin coordinates is implied. We found convenient to consider separately the uncorrelated density (9) for pairs of particles having either the same or opposite third spin component. For this reason we define (11) n,l,j
where Pt(x) is the Legendre polynomial of lth degree and P/(x) is its first derivative with respect to x. The function defined in Eq. ( 11 ) corresponds to pairs of nucleons with
1~
-'-½"). This is the only statistical correlation parallel spins, s = s' (p~,p = p~" = P0 is instead a new statistical link between nucleons with antiparallel spins, s = -s', due to the jj coupling. This new function is antisymmetric under the exchange of s with s' and of the spatial coordinates. In all the observables whose mean value we have calculated (energy, density, momentum distribution), we found that the contribution of p~',p is much larger than that of P~',A" As a matter of fact, if the nucleus is closed in ls coupling (as for 160 and 4°Ca) and no spin-orbit term is included in the s.p. potential, the contribution of P0,A vanishes.
The uncorrelated statistical functions appear in the cluster expansion of the two-body distribution functions and of the one-body density matrices forming closed exchange loops. In ls coupling, all the nucleons involved in the loops must have the same third spin component. In jj coupling this is no longer true, as there may be statistical links between particles with opposite third components. In general, the contribution from an N-particle exchange loop is given by:
Energy, density and momentum distribution expectation values
In the previous section we have discussed the modifications induced by jj coupling and Z v~ N on the uncorrelated density matrix. In this section we will shortly discuss how the FHNC equations change and how the expectation values of energy, density and momentum distribution are calculated. The structure of the FHNC equations depends on the adopted correlation function. We use an isospin-dependent correlation, since we want to distinguish protons from neutrons, and we choose the following form for F, which allows us to consider different correlations for different pairs of nucleons: The form of the correlation operator (13), and specifically the fact that the involved operators commute among themselves, allows us to use, in the cluster expansion, the diagrammatic rules presented in Ref.
[5], with only slight modifications due to the jj coupling scheme. Since the system is a mixture of different fermions, the correlated density matrices for pp, pn and nn are different. Furthermore, we have to consider the presence in the cc-FHNC chains of the new statistical link P~,A' The new FHNC expressions of the two-body distribution functions and of the one-body density matrices are given in Appendices A and B, respectively.
The calculation of the expectation value of the energy has been performed along the same lines followed in Ref. [5] .
The evaluation of the kinetic energy has been done using the Jackson-Feenberg identity. This allows us to eliminate terms of the form (~TiF)(~7i~o), involving threebody operators expectation values [8] . Following the same notation of Ref.
[5], we express the kinetic energy as:
(T) = TjF = TF + T~ ') + T~ 2) + T~ 3~. (14) In the previous equation we have indicated with TF those terms where the kinetic energy operator acts on the correlation operator F only. Their contribution is given by: 
The remaining T(n=l'2'3) components are the contributions of those terms containing the operator acting on the uncorrelated s.p. wave functions. ~r(1) is the sum of the cluster diagrams in which the external point l, argument of the one-body kinetic energy operator i~, is not involved in any exchange (see Eq. (2.24) in Ref.
[5]). We obtain the expression:
OL where P~I is defined as:
pYc,(r,) = E ~*(r,)VZqb~(r, ) -EV,fb~*(r,) . V,fb~(rl),
and (~ is defined in Appendix A. The other two parts (T~ 2'3)) contain diagrams where the point 1 belongs to a 2-body (T~ 2)) or to an(> 2)-body (T~ 3)) exchange loop. We find for T~ 2) the expression:
where a a 2 a a a
All the FHNC quantities introduced in the above equations are defined in Appendix C. The evaluation of T~ 3) requires the knowledge of the three-body distribution functions, but its leading term (T~ 3'2)) is a function of two-body dressed FHNC quantities [5] . T~3,2) is given by:
where 
T(3'3) contains a three-body operator and it is known with X =EA. The remaining term "0 to be negligible, both in nuclear matter and N = Z nuclei [5] . Therefore, it has been neglected.
The center of mass kinetic energy, Tc.m., has to be subtracted from (H) to get the energy mean value E. Tc.m. is given by:
The expressions of the P~x functions are given in Appendix C. The potential energy (V) may be written as:
The two-body distribution functions can be decomposed into a direct part, summing those contributions where the particles 1 and 2 do no belong to the same exchange loop, and two exchange parts, containing diagrams where the two nucleons are involved in the same loop with identical (Pexc,P) or opposite (Pexc,A) third spin components:
The a, b and c factors are given in 
)sC~ ( r2) g~ff r.-~a
× (Nc%(,,,,-~) + ~c~c.x(,-,,,~) -po~x(,-,,,-~))]. (2-,)
We consider also the contribution of the Coulomb interaction acting between the protons. Its expectation value is: e 2 (Vc) = ½ f d3r, d3r2 ~12pP~',(r,,r2).
The mean value of the energy is then given by E = TjF -
Since the one-body density matrices depend on the third components of the spin (Eq. (10)), also the momentum distributions have this dependence:
, If
The spin averaged momentum distribution, summed over all the possible spin components, is:
ha(k) S,S I
and, in the following, we shall always refer to the momentum distribution as defined by Eq. (30). The FHNC derivation of the one-body density matrices are given in Appendix B. We conclude this section by listing some sum rules (SR) that must be satisfied by the densities, the two-body distribution functions and the momentum distributions. They are particularly relevant since they provide information about the accuracy of the approximations used to solve the FHNC equations.
For the densities and the distribution functions, the following SR's hold:
, / -a r2p23(rl,r2) = 1,
-#1-f o r2P2.,(,,,,2)= 1.
In nuclei, where the levels with the same value of the orbital angular momentum are saturated (as 160 and 4°Ca), the spin-SR S,~,
has to satisfy the condition S,~ = -1. This is no longer true for the nuclei 12C, 48Ca and 2°spb. However, as the correlations do not contain spin flip terms, S,, in the correlated nucleus must have the same value as in the uncorrelated one (Sc¢°rr = su~nc). The momentum distributions must obey the zeroth momentum SR: 
(38)
Results
We have applied the theoretical framework presented in the previous sections to the study of the ground-state properties of the 12C, 160, 4°Ca, 48Ca and 2°spb nuclei.
Our calculations have been done using two different kinds of correlation functions. One has a gaussian behaviour:
where A~t~ and B~B are taken as variational parameters, fixed by minimizing the FHNC energy.
The second correlation function is obtained by the minimization of the energy at the second order of the cluster expansion, (H2}, with
The solution of 6(H2)/3f~B = 0 provides the Euler correlations f~/~. The quantities O(P)~# are generalizations to the isospin-dependent case of those of
Ref.
[5]:
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The contributions to (H2) decouple in the (aft) channels, so the minimizations are independently performed for each component. The corresponding Euler-Lagrange equations are:
with:
The P,,B and Q~3 terms are obtained by integrating P¢3(rl, r2) and Q~3(rl, r2) over rz and r2 and keeping r12 fixed: oo rl2+rl 
where the healing distances d,,~ are variational parameters. The same value for all the healing distances (d,,~ = d) has been used in this paper.
In some calculations, we have also adopted the Average Correlation Approximation (ACA), consisting in using an unique correlation, independent on the isospin of the nucleons, for both types of correlations, either gaussian or Euler.
where:
Vd~ (r12) = 
-O(r)=~-~-Oa~(r).
(55)
The second ingredient of the calculations is the set of s.p. wave functions. In this paper, they have always been generated by a mean-field potential of Woods-Saxon type:
where m= is the pion mass. As a test of accuracy of the calculations, we show in Table 2 the level of exhaustion of the previously discussed densities and distribution functions SR's. They have been calculated in the FHNC/0 approximation, consisting in neglecting the elementary (or bridge) diagrams. These diagrams, designed as Ex~ in Appendix A, cannot be summed in a closed way by FHNC. Therefore, they are usually neglected. In some cases, their contribution is approximated by considering only a few low-order terms. The seemingly crude FHNC/0 approximation has been shown to be accurate in relatively low-density systems as nuclei and nuclear matter [3] , whereas the elementary diagrams become increasingly important in high-density systems as liquid atomic helium [ 11] . On the other side, it has already been pointed out that the SR's are evaluated just to ascertain the degree of accuracy of the approximations employed in solving the FHNC equations.
In the following, we shall always use FHNC/0, unless differently stated. The results shown in Table 2 have been obtained with the parameters of the ACA calculations of Table 5 , whose details will be discussed later. In the non-ACA case, the accuracy is substantially the same. The SR's are very well satisfied for all the medium-heavy nuclei. The worse situation is met in 2°8pb, but the error remains less than 2%.
In the last two rows of the table we show the ratios between the values of the spin SR of Eq. (36) obtained in the correlated system and that obtained in the uncorrelated one (SCo_°rr/,~nc). In the row labelled S,~,0 the correlated value has been evaluated in FHNC/0, while in the row labelled S~,,1 the contribution of the first-order exchange elementary diagram has been included (see Ref.
[5] for a more extensive discussion of this point). This last approximation has been termed as FHNC-1. In agreement with the findings of Ref.
[5], Table 2 shows that the FHNC-1 approximation substantially improves the accuracy of the calculated spin sum rules with respect to FHNC/0.
A first set of calculations has been performed to investigate the relevance of the jj coupling, of the Coulomb interaction and of the separate treatment of protons and neutrons. In order to have a better control on their contributions, we have used the same set of Woods-Saxon parameters, identical for protons and neutrons and without spin-orbit term. In addition, we have taken the same s.p. potentials in 12C and 160 and for the Ca isotopes, as shown in Table 3 , to investigate the influence of the unsaturated 1 shells. The semi-realistic $3 interaction of Afnan and Tang [ 12] , supplemented in the odd channels with the repulsive interaction given by the repulsive terms of the even channels as discussed in Ref.
[13], has been adopted in conjunction with the Euler ACA correlation function.
In Table 4 we present the results of the ground-state energies. Column F1 has been obtained by switching off the Coulomb interaction and the statistical correlation arising from the jj coupling, Eq. (12). Its effect can be seen by comparing the results of column F1 with those of column F2, where the jj coupling has been reinstated. Only 12C, 48Ca and 2°8pb nuclei, which have some unsaturated l shell, are affected by this correlation and its influence turns out to be rather small.
The F3 column shows the results obtained including the Coulomb interaction in the two-body hamiltonian. The contribution of the nuclear interaction (V in the table) to the binding energy is about the same for 4°Ca, 48Ca and 2°8pb. These nuclei are large enough to allow the nuclear interaction to saturate. The contribution of the Coulomb interaction V~, because of the infinite range of the force, increases like the number of proton pairs, as expected.
The results of the F4 column have been obtained by inserting the Coulomb potential also in the mean field. We have used the potential generated by an uniform spherical charge distribution. Other choices did not make any difference from the numerical point of view.
A fully implemented variational principle would require performing the minimization of the energy functional with respect to both the s.p. wave functions and the correlation function parameters. This implies a large parameter space minimization. Because the requested numerical effort is heavy, and also because we are not yet considering fully realistic interactions, the set of single-particle wave functions has been kept fixed and the minimization has been done only with respect to the correlation function.
Moreover, for all the columns of Table 4 we have used the same correlations (obtained by minimizing the F1 energies). Therefore, we cannot draw any definite conclusion on whether the ls coupling is or is not variationally preferred with respect to the jj coupling, except that we find very small differences in the two cases. Similarly, we should not be surprised by the fact that the inclusion of the Coulomb effects in the wave function (column F4) does not seem to lower the energies with respect to their perturbative estimates of column F3. In all the calculations we shall discuss henceforth that the s.p. wave functions have been generated by Woods-Saxon potentials whose parameters, given in Table 5 , are taken from literature [9] , and have been fixed to reproduce the s.p. energies around the Fermi surface and the r.m.s, charge radii. Table 6 gives the results obtained with the $3 interaction and various correlation functions. The EU rows show the results with the isospin-dependent Euler correlation For all the nuclei we have considered, the isospin-dependent correlation function results to be variationally preferred with respect to the simpler ACA functions. This is mainly produced by a large decrease of the potential energy, which overcompensates the increase of the kinetic energy. The poorest choice is the ACA gaussian one.
The correlation functions used in the ACA Euler and gaussian calculations of Table 6 are shown in Fig. 1 . They are very similar in all the nuclei we have studied and all the finite system Euler correlations overshoot one.
Also in the isospin-dependent case, where fPP, fn, and fnp are different even if we assume the same healing distance for all of them, the correlations do not show a strong dependence on the type of nucleus considered. This is due to the fact that the correlations are mostly sensitive to the short-range behaviour of the nuclear interaction. The accuracy of the SR's for the B 1 potential is the same as for $3. The ground-state expectation values of the various terms of the hamiltonian are shown in Table 7 . Also in the B 1 case, the correlation functions, shown in Fig. 6 , are very similar for all the nuclei considered. However, some differences from those obtained with the $3 interaction are present. The B1 correlations have a value of about 0.55 at r = 0 fm, versus the 0.37 value of the $3 case. In addition, the overshooting is rather small.
The differences in the correlation functions have some consequences on the proton density distributions, shown in Figs. 3 and 5 by the dash-doubly-dotted lines. All these distributions are smaller than the uncorrelated ones, in contrast with the ACA Euler results with $3.
We have studied the effect on the energy of the insertion of the dressed, lowest-order exchange elementary diagrams in FHNC-I. The results are summarized in Table 8 , where the FHNC-1 energies per nucleon (columns El) obtained with the Euler-ACA correlations for both $3 and B 1 interactions are given. In addition we give the percentile deviations A from the FHNC/0 energies: 
Conclusions
This work represents a further step towards a fully microscopical description of medium-heavy nuclei. For the first time we have performed FHNC calculations for medium and heavy finite nuclear systems. The calculations have been done using different s.p. wave functions for protons and neutrons, in jj coupling, isospin-dependent correlations and semirealistic, central potentials. The Coulomb interaction has been also considered.
The extension of the FHNC equations of Refs. [5,6] is not straightforward because, due to the jj coupling scheme, a new type of statistical link appears.
We have used the central $3, Afnan and Tang, and B1, Brink and Boeker, interactions. The s.p. wave functions have been generated by Woods-Saxon potentials, whose parameters have been taken from literature.
A detailed analysis of the influence of the jj statistical correlations on the FHNC equations has been presented. Their contribution is rather small, while the effect of the Coulomb interaction, especially for heavy nuclei, turns out to be relevant.
Both isospin-dependent and independent correlation functions have been used. The first ones allow us to distinguish between pp, nn and np channels. In all the nuclei considered we have found that the pp and nn correlations are quite close to each other, while the np correlation shows pronounced differences. This marked isospin structure appears to be variationally preferred, as it lowers the ground-state energies considerably with respect to the results obtained with isospin-independent correlations.
At the variational minima, the correlation functions do not strongly depend on the nucleus considered. However, they show an intermediate range structure, not present in the optimal FHNC correlations of infinite, symmetric nuclear matter. This difference has large effects on the energies and the density distributions.
The accuracy of the FHNC/0 and FHNC-1 approximations has been studied by examining the density and distribution functions sum rules. FHNC/0 is found rather accurate, the largest error being less than 2% in the scalar sum rules. The inclusion of the lowest-order, exchange elementary diagram, in FHNC-I, lowers the error in the spin sum rules to less than 1%. The FHNC-1 correction is also relevant in the ground-state energy, because the adopted potentials have large Majorana parts [5] . However, its contribution is negligible for large mass nuclei, as 2°spb.
As far as the matter density is concerned, it appears that, given a chosen s.p. structure, the correlations may largely and differently modify the density distribution. The results we have presented are however related to energy minima obtained by performing variations of the correlation functions only. Before drawing any sensible conclusion one should include the correlations in a fully consistent scheme. In our case, this means to perform the energy minimization by also varying the mean-field parameters.
The momentum distributions have been calculated within the FHNC/0 scheme and the sum rules analysis shows that its accuracy is actually very satisfactory. Short-range correlations produce high-momentum tails, absent in an independent-particle model. The momentum distributions calculated with state-dependent correlations show tails higher than those produced by Jastrow, state-dependent correlations.
In this paper, we have shown, that it is possible to treat accurately doubly closed shell nuclei in the jj scheme using the FHNC cluster summation technique. This makes feasible the microscopical investigation of heavy nuclei, such as 2°8pb. Isospin state dependence in the correlation can be safely handled and provides a better variational choice than Jastrow correlated wave functions. This encourages us to pursue the goal of a microscopic description of finite nuclei with even more realistic correlation functions and interactions containing, in particular, tensor components.
In the following we shall indicate the coordinate ri with i, and the convolution integral over the coordinate 3 as ( [ ).
The sums of the nodal diagrams N~x~=dd.de,ea,ee are given by the solutions of the integral equations:
where SCUd = ~:~, otherwise ~:xYy = (Y The sum over (x'y') runs over the pairs (dd, de, ed) , because of the FHNC convolution rules. The cc-chains now can contain the parallel exchange link p~,p(1,2) and the antiparallel one P~,A(1,2). We give here their explicit expressions, as they represent the main changes, due to the jj coupling, respect to the usual symmetric matter FHNC equations S~( I, 2) ~ i~( 1 2).
• =Exy(1,2)+2,,x~ ....
Notice that p~' ( 1 ) = ~:~ ( 1 ).
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Appendix B
Here we will shortly present the FHNC equations for the one-body density matrices pSS',,( 1, 1'). These are modifications of the equations presented in Ref.
[6]. As we have discussed through the text we have to separate the case with the same third component of spin 
Appendix C
In this appendix, we shall give the explicit expressions for the uncorrelated one-body densities and related quantities. For the s.p. wave functions we use:
ga,,~j,,, ( xi) = R,~j( ri) E (ltz l s I jm)Yl,,(Pi)xs(i)x,,(i).
IZ,s
The one-body density P~'l is given by: 
+Rnlj(r2 rl
